This paper provides some explicit expressions concerning the formal group laws of the following cohomology theories: BP, the Brown-Peterson cohomology, G(s), the cohomology theory obtained from BP by putting v i = for all i ≥ with i ̸ = s, the Morava K-theory and the Abel cohomology. The coefficient rings of Weierstrass universal elliptic curve formal group law are computed in low dimensions.
Introduction
A formal group law [4, 8, 13 ] over a commutative ring with unit R is a power series F(x, y) in R [[x, y] ] satisfying the following: (i) F(x, ) = F( , x) = x, (ii) F(x, y) = F(y, x), (iii) F(x, F(y, z)) = F(F(x, y), z).
Let F and G be formal group laws. A homomorphism from F to G is a power series ν(x) ∈ R [[x] ] with constant term such that ν(F(x, y)) = G(ν(x), ν(y)).
This is an isomorphism if ν ὔ ( ) (the coefficient at x) is a unit in R, and a strict isomorphism if the coefficient at x is 1. If F is a formal group law over a commutative ℚ-algebra R, then it is strictly isomorphic to the additive formal group law x + y. In other words, there is a strict isomorphism l(x) from F to the additive formal group law, called the logarithm of F, so that F(x, y) = l − (l(x) + l(y)). The inverse to logarithm is called the exponential of F.
The logarithm l(x) ∈ R ⊗ ℚ [[x] ] of a formal group law F is given by
, ω(x) = ∂F(x, y) ∂y (x, ).
There is a ring L called the universal Lazard ring, and a universal formal group law F(x, y) = ∑ a ij x i y j defined over L. This means that for any formal group law G over any commutative ring with unit R there is a unique ring homomorphism r : L → R such that G(x, y) = ∑ r(a ij )x i y j .
The formal group law of geometric cobordism was introduced in [11] . Following Quillen we will identify it with the universal Lazard formal group law, as it is proved in [12] , that the coefficient ring of complex cobordism MU * = ℤ[x , x , . . . ], |x i | = i is naturally isomorphic as a graded ring to the universal Lazard ring.
For a power series of the form m(x) = x + m x + m x + ⋅ ⋅ ⋅ , its composition inverse e(x) = x + e x + e x + ⋅ ⋅ ⋅ is given by
The coefficients of the corresponding formal group F(x, y) = e(m(x) + m(y)) = x + y + α xy + ⋅ ⋅ ⋅ are thus given by
The rest of the paper is organized as follows. In Section 2 we give some explicit expressions concerning the universal p-typical formal group law F BP . In Section 3 we consider the Morava case F G(s) . Section 4 is devoted to the Weierstrass universal elliptic curve formal group law. Finally, in Section 5 we consider the Abel universal formal group law F Ab .
Formal group law in Brown-Peterson cohomology
Denote by F BP (x, y) = ∑ α ij x i y j the formal group law of Brown-Peterson cohomology BP (see [7] and [14, Chapter IX]) and let log BP (x) = x + l x p + l x p + l x p + ⋅ ⋅ ⋅ be the logarithm of F BP . The first choice of the generators of BP * = ℤ (p) [v , v , . . . ], |v i | = (p n − ) was given by Hazewinkel [8] . The coefficients l i ∈ BP * ⊗ ℚ are related to the Hazewinkel generators v i ∈ BP * → BP * ⊗ ℚ through the recursive equation [8, 13] 
The following proposition is easily checked by explicit computation.
Proposition 2.1. An explicit solution of (2.1), i.e., an expression of l n through v k is given by
Thus, there are on the whole n− summands for l n . For example,
The coefficient α ij of the formal group law F BP at x i y j is given by
in particular, α ij is nonzero only when i + j − is a multiple of p − .
Proof. Taking in (1.1) l(x) = log BP (x) with m p k − = l k and all other m i equal to zero, we obtain the desired expression.
It follows that for any < k < p, the coefficient of α kp n ,(p−k)p n at l n+ is equal to − p n+ kp n . Moreover, we know from (2.1) that l n+ = p v n+ + decomposables. Hence, we have v n+ = − p p n+ kp n α kp n ,(p−k)p n + decomposables.
The binomial coefficient p n+ kp n is divisible by p and not divisible by p . Recall that for any m the p-adic valuation of m! (i.e., the largest power of p dividing m!) is given by
where [x] denotes the integer part of x. Using this, respectively, for m = p n+ , m = kp n and m = (p − k)p n gives the p-adic valuation of
as follows:
Therefore, the coefficient p/ p n+ kp n belongs to ℤ (p) . As an application one can construct particular polynomial generators for BP * as follows. Corollary 2.3. One can construct polynomial generators for BP * from the coefficients α ij of the universal ptypical formal group law
for any < k n < p, n = , , , . . . .
Here are some examples of the expression of the Hazewinkel generators through the elements α kp n ,(p−k)p n :
etc.
The Morava case
To apply the above formulas to the calculation of the Morava K-theories, consider the theories G(s) obtained from BP by putting v i = for all i ≥ with i ̸ = s. Since for G(s) theory, v s plays only the role of a book-keeping variable, let us ignore the powers of v s . Thus, the logarithm of G(s) can be written as
Thus, taking in Proposition 2.2 l ks = /p k and l i = otherwise, we readily obtain a formula for the coefficients.
Proposition 3.1. The coefficient α ij of the formal group law F G(s) at x i y j is given by
Another convenient form of this formula is
all other α ij being zero. The Morava K-theory formal group is then the reduction of the above modulo p.
Another way of computing the latter formal group is via the Ravenel recursive relation [13] involving Witt symmetric functions, i.e.,
where W (n) are the symmetric functions defined by
for all n. For example, with two variables one has Let us give the following two approximations to the formal group law of the Morava K-theory.
Proposition 3.2 ([1]
). For the formal group law in mod p Morava K-theory K * (s) at prime p and s > , we have
Proof. As above, it is convenient to ignore the powers of v s in the formal group law
where W (p i ) is the homogeneous polynomial of degree p i defined above and e i = (p is − )/(p s − ). In particular, W ( ) = x + y and
Then, for s > we can reduce modulo the ideal (x p (s− ) , y p (s− ) ) and get 
The coefficient ring of the Weierstrass universal elliptic curve formal group law
Consider an elliptic curve written in the Weierstrass form y + a xy + a y = x + a x + a x + a .
Its invariant differential is (see [16, Chapter III] )
As is usually done, we choose the formal parameter z = −x/y, so that
where the formal series CP(z) = + CP z + CP z + ⋅ ⋅ ⋅ is found from the equation ( a a − a a − a a a + a + a )z   + ( a a a − a a a − a a a − a a a − a a a + a a )z   + ( a a a − a a − a a a a − a a − a a a − a a + a a + a a + a a 
Putting X = b , X = b , X = b , X = b , X = b and eliminating the variables b i , one obtains the following corollary.
Corollary 4.2. The above subring is isomorphic to the following localization of ℤ[X , X , X , X , X ]:
ℤ[X , X , X , X , X ] X X , X X , X , X X , X X , X X , X X , X X , X X X , X , X X X , X X , X X , X X , X , X X , X , X X , X X X , X X , X X , X X X , X X , X X , X X X , X X X , X X , X X X , X X , X X , . . . .
Note that one has X = and X = here. In particular, there exist stably almost complex 24 and 26dimensional manifolds which may serve as generators in the Lazard ring (i.e., have s-classes equal to the smallest possible positive values) but have all the elliptic invariants (genera, etc.) equal to zero. 
Then, these can be transformed to generators X i with
Explicitly,

The Abel formal group law
The Abel formal group law [5] F Ab is defined as a universal formal group that can be written in the form
The construction of Abel's universal formal group is analogous to the construction of Lazard's universal formal group law. Let A = Z[α , . . . , α n , . . .] with degα n = − n, and consider in the ring A the ideal J generated by the associativity equation. Then, the formal group law F Ab over the ring A/J is Abel's universal formal group law.
Note that the associativity requirement on F Ab imposes the equation The general formula for a n , i.e., the addition law for F Ab (x, y) has been obtained by Buchstaber in [3] . See also [5] for an earlier description of the addition law for F Ab (x, y) . The logarithm of this formal group law is given by log Ab (x) = x + i≥ m i x i+ = x dt + a t + a t + a t + ⋅ ⋅ ⋅ .
